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0. Introduction
Let F be a number field, OF the ring of integers in F . For any prime p and n ≥ 1, it is interesting to get the value of
pn-rank(K2OF ). However, even for n = 1, we have no answer in general. On the other hand, some relations between the
p-Sylow subgroup of K2OF and the p-Sylow subgroup of the ideal class group of F(ζpn) have been established, see Tate [20],
Keune [9], Browkin [2] and others, ([1,3–5,8,10,12],etc.
In the study of the ideal class group of a number field, some so-called reflection theorems are useful. A classical result in
this direction, due to Scholz, relates the 3-rank of the ideal class group ofQ(
√−3d) to the 3-rank of the ideal class group of
Q(
√
d). Some other reflection theorems compare the p-rank of the ideal class group of themaximal real subfield of a CM field
L (ζp ∈ L)with the p-rank of a special subgroup of the ideal class group of L. However, the Scholz Theorem cannot be viewed
as a particular case of these theorems. See for example Theorem 10.11 inWashington [21]. More reflection theorems can be
found in [6,11] among others. Kolster [11] gives a general reflection theorem in terms of ‘‘wild kernel’’ and Gras [6] obtains
most general ‘‘Spiegelungssatz’’ of Scholz–Leopoldt–Kuroda in terms of Fp irreducible representation of Galois group.
We set up a reflection theorem for any odd prime p, which contains the Scholz Theorem as a special case, i.e., p = 3. We
shall give an application of this theorem to the investigation of the p-Sylow subgroup of K2OF .
We shall present some formulas for p-rank(K2OF ). We establish relations between the p-Sylow subgroup of K2OF and
some p-Sylow subgroups of the ideal class groups of some subfields of F(ζp).
H. Gangl, based upon his numerical computation, conjectured that for an imaginary quadratic number field F , the
divisibility of the order of K2OF by 3 or 9 corresponds to the divisibility of the order of the ideal class group of F by 3.
The part of this conjecture where the 3-rank of K2OF is involved was proved by Browkin [2]. By our reflection theorem and
an exact sequence concerning the p-Sylow subgroup of K2OF due to Keune, we establish the rest of Gangl’s conjecture, that
divisibility of K2(OF ) by 9 corresponds to the divisibility of the order of the ideal class group of F by 3.
I The author is supported by NSFC (No. 10871088), SRFDP (No. 200802840003) and the Cultivation Fund of the Key Scientific and Technical Innovation
Project, Ministry of Education of China (No. 708044).
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In fact, what we shall prove is quite general. More precisely, for any odd prime p,we consider the p-divisibility and also
the pn-divisibility of the order of K2OF . Our result gives a general picture of the special phenomenon for prime 3 observed
by Gangl.
In our earlier papers ([14–19,22,23]), we developed amethod to compute the 2n-rank of K2OF . For any quadratic number
field F , we can obtain the 4-rank of K2OF and the 8-rank of K2OF .
1. Reflection theorems
We begin by giving a reflection theorem.
Theorem 1.1. Assume that K is a totally real number field with [K : Q] = d. Let p be an odd prime and n a positive integer. Let
F = K(√δ), with δ ∈ K ∗ \ K ∗2 be a relative quadratic extension such that F is a totally real or CM field. Assume further that
F ∩ Q(ζpn) = Q and p - h(K(ζpn + ζ−1pn )). Let r be the p-rank of the ideal class group of K(
√
δ, ζpn + ζ−1pn ) and s be the p-rank
of the ideal class group of K(
√
δ(ζpn − ζ−1pn )).
(i) If δ > 0, then
r ≤ s ≤ r + 1
2
dpn−1(p− 1);
(ii) if δ < 0, then
s ≤ r ≤ s+ 1
2
dpn−1(p− 1).
Before we prove above theorem, we first give some applications.
Theorem 1.2. Let d ∈ Z be a square-free integer, and let p 6= ±d,±2d be an odd prime.We assume that p - h+(Q(ζp)) (Vandiver
Conjecture for p). For any positive integer n, let r be the p-rank of the ideal class group of Q(
√
d, ζpn + ζ−1pn ) and s be the p-rank
of the ideal class group of Q(
√
d(ζpn − ζ−1pn )).
(i) If d > 1, then
r ≤ s ≤ r + 1
2
pn−1(p− 1);
(ii) if d < −1, then
s ≤ r ≤ s+ 1
2
pn−1(p− 1).
Remarks. (i) Vandiver’s Conjecture is known to be true for all p < 107.
(ii) For p ≡ 3 (mod 4), by replacing d by −pd, we see that statements (i) and (ii) in the above theorem are in fact the
same. If p ≡ 3 (mod 4), then Q(√d(ζpn − ζ−1pn )) = Q(
√−pd, ζpn + ζ−1pn ). So, if we let p = 3, n = 1, then we get:
Corollary 1.3 (Scholz Theorem). Let d > 1 be a square-free integer, and let r, s be the 3-rank of the ideal class groups ofQ(
√
d)
and Q(
√−3d), respectively. Then
r ≤ s ≤ r + 1.
We now give a proof for Theorem 1.1 which is in the same spirit as that of Theorem 10.10 [21].
Proof of Theorem 1.1. (i) Let
L = K(√δ, ζpn);
E1 = K(ζpn + ζ−1pn );
E2 = K(
√
δ, ζpn + ζ−1pn );
E3 = K(
√
δ(ζpn − ζ−1pn ));
E4 = K(ζpn).
Let G = Gal(L/E1), so we have σ and τ ∈ G such that
σ : ζpn → ζ−1pn ,
√
δ→−√δ; τ : ζpn → ζ−1pn ,
√
δ→√δ.
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Moreover, {1, σ } = Gal(L/E3); {1, τ } = Gal(L/E2); {1, σ τ } = Gal(L/E4). Then in Zp[G], as a sum of idempotents, we have:
1 = ε1 + ε2 + ε3 + ε4
=
(
1+ σ
2
)(
1+ τ
2
)
+
(
1− σ
2
)(
1+ τ
2
)
+
(
1+ σ
2
)(
1− τ
2
)
+
(
1− σ
2
)(
1− τ
2
)
.
We will use A∗ to denote the p-Sylow subgroup of the ideal class group of a number field ∗.
We have ε1AL ⊆ NormL/E1(AL) = 0 since p - h(E1). We see that
ε2AL = 14 (1− σ)NormL/E2(AL),
so
ε2AL ⊆ AE2 .
On the other hand, for any a ∈ AE2 , τ ∈ Gal(L/E2), τa = a, and (1 + σ)a = 0, i.e., σa = −a, since 1 + σ = Norm(E2/E1)
and p - h(E1). We have
ε2a = 14 (1+ τ)(1− σ)a =
1
2
(1+ τ)a = a.
Hence AF ⊆ ε2AL, and so
ε2AL = AE2 .
We contend that
ε3AL = AE3 .
In fact, ε3AL = 14 (1 − τ)NormL/E3(AL), so ε3AL ⊆ AE3 . But 1 + τ = Norm(E3/E1). Since p - h(E1), for any a ∈ AE3 , σa = a,
(1+ τ)a = 0. Hence, we get ε3a = a for all a ∈ AE3 , so AE3 ⊆ ε3AL.
Finally,
ε4AL = 14 (1− τ)(1+ στ)AL =
1
4
(1− τ)NormL/E4(AL) ⊆ AE4 .
Also we have that for any a ∈ AE4 , ε4a = a. Thus,
ε4AL = AE4 .
Hence
AL = ε1AL ⊕ ε2AL ⊕ ε3AL ⊕ ε4AL = AE2 ⊕ AE3 ⊕ AE4 .
By Kummer theory, we have B ⊆ L∗/L∗p such that Gal(L( p√B)/L)) = H ∼= AL/ApL and a non-degenerate paring
〈, 〉 : H × B −→ µp.
Remember that for any h ∈ H, b ∈ B, and g ∈ G = Gal(L/F),
〈h, b〉 = h(b 1p )/b 1p and 〈hg , bg〉 = 〈h, b〉g .
One can check the following:
σεi = εi for i = 1, 3 and σεi = −εi for i = 2, 4;
τεi = εi for i = 1, 2 and τεi = −εi for i = 3, 4.
It follows that if
i = 2, j = 3 or i = 3, j = 2,
then
〈εiH, εjB〉 −→ µp
is non-degenerate; otherwise,
〈εiH, εjB〉 = 1.
So
ε2H × ε3B −→ µp
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and
ε3H × ε2B −→ µp
are non-degenerate.
We also have
φ : ε2B −→ ε2(AL),
kerφ ∩ ε2B ∼= subgroup of ε2(UE2/UpE2),
and
ε3B −→ ε3(AL),
kerφ ∩ ε3B ∼= subgroup of ε3(UE3/UpE3).
Lemma 1.4. (i) p-rank(ε3(UE3/U
p
E3
)) = 0;
(ii) p-rank(ε2(UE2/U
p
E2
)) ≤ 12dpn−1(p− 1).
Proof. It follows directly from the following Lemma and Dirichlet’s unit theorem. 
Lemma 1.5 (Keune). Let E/K be a quadratic extension of number fields. Let p be an odd prime. Assume ζp 6∈ E. Then UK/UpK →
UE/U
p
E is injective and so UK/U
p
K is a direct summand of UE/U
p
E . Moreover,
p-rank(UE/U
p
E )− p-rank(UK/UpK ) = rank(UE)− rank(UK ).
Proof. First we show that UE/UK has no p-torsion. Suppose it has p-torsion. Then there is an α ∈ UE\UK such that αp ∈ UK .
Since α ∈ E\K we have E = K(α). The minimum polynomial of α over K is a divisor of degree 2 of xp − αp. The other root
of this polynomial is of the form ζ hp α, where p - h. It follows that ζp ∈ E, a contradiction. Since UE/UK has no p-torsion, the
map UK/U
p
K → UE/UpE is injective. From ζp 6∈ E it follows that UK and UE have no p-torsion, and therefore p-rank(UE/UpE ) =
rank(UE) and p-rank(UK/U
p
K ) = rank(UK ).
This proves Lemma 1.5. 
Now we see that
r = p-rank AE2 = p-rank ε2AL
= p-rank ε2H = p-rank ε3B
≤ p-rank ε3UE3/UpE3 + p-rank ε3AL
= 0+ s
= s
s = p-rank AE3 = p-rank ε3AL
= p-rank ε3H = p-rank ε2B
≤ p-rank ε2UE2/UpE2 + p-rank ε2A
≤ 1
2
dpn−1(p− 1)+ r.
Assertion (ii) is similar.
This completes the proof of Theorem 1.1. 
Let F be a number field. By Dirichlet’s unit theorem, the group of units UF is the direct productWF × VF , whereWF is a
finite cyclic group consisting of the roots of unity in F and VF is a free abelian group of rank rF = r1 + r2 − 1, where r1, r2
denote the number of real and complex places of F respectively.
The conclusion in the following lemma is stronger than that in Lemma 1.5.
Lemma 1.6. Let F = K(√δ) be a relative quadratic extension of number fields. If F is totally real and there exists at least one
non-dyadic prime ideal which ramifies in the extension of F/K , then as an abelian group, VK is a direct summand of VF .
Proof. Suppose that ε1, . . . , εrK and η1, . . . , ηrF are fundamental systems of units inUK andUF , respectively. Since VK j VF ,
we have an rF × rK integral matrix D such that
(ε1, . . . , εrK ) = (η1, . . . , ηrF )D.
Note that for anyM ∈ GLrK×rK (Z) and N ∈ GLrF×rF (Z), (ε1, . . . , εrK )M and (η1, . . . , ηrF )N are still fundamental systems of
units in UK and UF , respectively.
It is easy to see that for any rK × rF integral matrix D, there areM ∈ GLrF×rF (Z) and N ∈ GLrK×rK (Z), such that
MDN = (dij),
with dij = 0 for i 6= j or i > rK .
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We see that dii = 0 for some i contradicts the assumption that ε1, . . . , εrK is a fundamental system of units in UK . So
we may assume that for all i, dii > 0. If for some i, dii > 1, without loss of generality, we may assume that εi = ηdiii with
ηi ∈ F but /∈ K . Then F = K(ε1/diii ). It is easy to see that εi 6∈ −4K 4, otherwise we would have−εi ∈ 4K 2,which contradicts
our assumption. On the other hand, by Theorem 9.1 in [13], xdii − εi is irreducible if for any odd prime p | dii, εi 6∈ K p and
if 4 | dii, εi 6∈ −4K 4, so we conclude that dii = 2. Since εi ∈ UK , F/K is unramified except at primes dividing 2. This
contradicts the assumption again.
This completes the proof. 
2. The p-rank of K2OF
Let p be an odd prime. For a number field F , let S ′F be the set of prime ideals of F which divide p and split completely in
E = F(ζp).We use A∗
[
1
p
]
for the p-Sylow subgroup of Cl
(
O∗
[
1
p
])
of a number field ∗.
For an odd prime p, let ω be the Teichmuller character of the group (Z/p)∗.We fix a primitive root g (mod p) and let
σ := σg (σg(ζp) = ζ gp ).We have the following idempotents:
εj = 1p− 1
p−1∑
a=1
ωj(a)σ−1a =
1
p− 1
p−2∑
k=0
ωjk(g)σ−k,
where 0 ≤ j ≤ p− 2.
Lemma 2.1. Let p be an odd prime. Let p | p be a prime ideal of a number field F . Then p ∈ S ′F (i.e., p splits completely in F(ζp))
if and only if ζp ∈ Fp (the completion of F at p).
Proof. Let P | p be a prime ideal of E = F(ζp). If p splits completely in E, then EP = Fp, so ζp ∈ Fp. Conversely, if ζp ∈ Fp,
then EP = Fp, and therefore p splits completely in E. 
Corollary 2.2. (i) Let p be an odd prime. If (−1) p−12 p 6∈ F 2p , then p 6∈ S ′F .
(ii) Let F = Q(√d) with d ∈ Z square-free. Then |S ′F | = 1 if p = 3 and d ≡ 6 (mod 9), and |S ′F | = 0, otherwise.
Proof. (i) If ζp ∈ Fp, then (−1) p−12 p ∈ F 2p . Hence if (−1)
p−1
2 p 6∈ F 2p , then p 6∈ S ′F .
Assertion (ii) is immediate. See also [2]. 
Lemma 2.3 ([2]). Let F be a number field with F ∩ Q(ζp) = Q. Let p be an odd prime. Then
p-rank (K2OF ) = p-rank
(
εp−2AF(ζp)
[
1
p
])
+ |S ′F |.
Remarks. With the same notation as in above lemma. Then εp−2(AF(ζp)[ 1p ]) = εp−2(AF(ζp)) if one of the following conditions
is satisfied:
(i) (1− ζp) does not split in the fields extension F(ζp)/Q(ζp);
(ii) p - h(F(ζp + ζ−1p )) and any p | p in F(ζp + ζ−1p ) does not split in F(ζp).
Wewrite L = F(ζp). If (i) is satisfied, then in L, (1− ζp) = Pe for some integer e. But σ(1− ζp) = (1− ζp), so σP = P.
ThereforeP ∈ ε0AL.
Suppose now p - h(F(ζp + ζ−1p )). If for any p | p in F(ζp + ζ−1p ), pOL = P orP2, then AL[ 1p ] = AL. So the result follows.
Lemma 2.4 ([9]). Let F be a number field, and for any odd prime p and a positive integer n, let Γ = Gal(F(ζpn)/F).We use Zp
for the decomposition group of a prime ideal p of F in the abelian extension F(ζpn)/F .We have the exact sequence
0→
(
µpn ⊗ Cl
(
OF(ζpn )
[
1
p
])
/pn
)
Γ
→ K2OF/pn →⊕p|p(µpn)Zp → (µpn)Γ → 0. (∗)
Remarks. The term K2OF/pn in (∗) is K+2 OF/pn in [9]. But for any odd prime p,
K+2 OF/p
n = K2OF/pn.
Assumption. Throughout this section, K is a totally real number field; K(
√
δ) (δ ∈ K) is a relative quadratic extension such
that K(
√
δ) is totally real or CM.
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Lemma 2.5. Let F = K(√δ). Let p be an odd prime. Assume that p - h(K(ζp + ζ−1p )), and K(
√
δ) ∩ Q(ζp) = Q. Then
p-rank (K2OF ) = p-rank
(
εp−2AE4
[
1
p
])
+ p-rank
(
εp−2AE3
[
1
p
])
+ |S ′F |,
where E3 = K(
√
δ(ζp − ζ−1p )) and E4 = K(ζp).
Proof. First recall some notation from the last section: L = K(√δ, ζp); E1 = K(ζp + ζ−1p ); E2 = K(
√
δ, ζp + ζ−1p ).We have
AL
[
1
p
]
= AE1
[
1
p
]
⊕ AE2
[
1
p
]
⊕ AE3
[
1
p
]
⊕ AE4
[
1
p
]
.
Let σ be a generator of Gal(L/F). Then σ
p−1
2 εp−2 = ω(g p−12 )p−2εp−2 = −εp−2. We can easily check that σ p−12 acts trivially
both on AE1
[
1
p
]
and AE2
[
1
p
]
. So the result follows. 
Corollary 2.6.
p-rank (K2OF ) ≤ p-rank (AK(ζp))+ p-rank (AE3)+ |S ′F |.
Theorem 2.7. Let F = K(√δ, ζpn + ζ−1pn ) (n ≥ 1). Assume that p - h(K(ζpn + ζ−1pn )), and K(
√
δ) ∩ Q(ζpn) = Q. Then
p− rank(K2OF ) = p− rank
(
Cl
(
OE3
[1
p
]))
+ p− rank
(
Cl
(
OK(ζpn )
[1
p
]))
+ |S ′F |,
where E3 = K(
√
δ(ζpn − ζ−1pn )).
Proof. First we show that ζp /∈ F .
We claim that ζpn /∈ F . In fact, the cyclotomic polynomial Φpn(x) is irreducible in K [x]. Otherwise, we would have
Φpn(x) = f (x)g(x) for some f (x), g(x) ∈ K [x] with degf (x) ≥ 1 and deg g(x) ≥ 1. Then there exists a coefficient of
f (x), say α, with α ∈ K , α /∈ Q. But α ∈ Q(ζpn), hence, α ∈ K(
√
δ)∩Q(ζpn),which is a contradiction. Hence we have K(ζpn)
6= K(ζpn+ζ−1pn ) since [K(ζpn) : K ] = pn−pn−1 and [K(ζpn+ζ−1pn ) : K ] = 12 (pn−pn−1). If ζpn ∈ F , then F = K(
√
δ, ζpn+ζ−1pn )
= K(ζpn), since K(ζpn) j K(
√
δ, ζpn + ζ−1pn ) and both fields are quadratic extensions of K(ζpn + ζ−1pn ). So,
√
δ ∈ K(ζpn).
However, K(ζpn)/K is a Galois extension, hence, by the assumption that K(
√
δ) ∩ Q(ζp) = Q, we have
√
δ ∈ K , which is
again a contradiction.
BecauseQ(ζp, ζpn + ζ−1pn ) = Q(ζpn , ζpn + ζ−1pn ), we get K(ζp, ζpn + ζ−1pn ) = K(ζpn , ζpn + ζ−1pn ). The above discussion shows
that ζp ∈ F implies that
√
δ ∈ K , which is impossible.
Consider the following short exact sequence
0→
(
µp ⊗ Cl
(
OF(ζp)
[1
p
]))Γ
→ K2OF/p→⊕p∈S′Fµp → 0,
where Γ = 〈σ 〉 = Gal(F(ζp)/F), see Keune [9].
As in the proof of Theorem 1.1,
AF(ζp)
[
1
p
]
= AF
[
1
p
]
⊕ AE3
[
1
p
]
⊕ AK(ζpn )
[
1
p
]
.
Note that if a ∈ AF(ζp)[ 1p ], then a ∈ AF [ 1p ] if and only if σ(a) = a, and a ∈ AE3 [ 1p ] ⊕ AK(ζpn )[ 1p ] if and only if σ(a)
= −a. Hence (µp ⊗ Cl(OF(ζp)[ 1p ]))Γ = µp ⊗ (Cl(OE3 [ 1p ])⊕ Cl(OK(ζpn )[ 1p ]). So the result follows from the above short exact
sequence. 
We need the following result from class field theory (see for example, Theorem 10.4 in [21]).
Lemma 2.8. Suppose L/E is a Galois extension and Gal(L/E) is a p-group (p = anyprime). Assume that there is at most one prime
(finite or infinite) which ramifies in L/E. If p|h(L) then p|h(E).
Theorem 2.9. Let p be an odd prime. Let F = K(√δ, ζpn + ζ−1pn ). And let L = F(ζpn+1). Assume that Gal(L/F) is cyclic of order
2p and F ∩ Q(ζpn+1) = Q. Put
T1 = {℘ | ℘ prime ideal of OF with ℘ | p and |Z℘ | = 1}, t1 = ]T1,
and
T2 = {℘ | ℘ prime ideal of OF with ℘ | p and |Z℘ | = p}, t2 = ]T2.
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Then
pt1(n+1)+t2n | #K2OF ,
and in particular,
pn#S
′
F | #K2OF .
Assume further that F is a CM field, and that there is at most one prime which ramifies in F(ζpn+1 + ζ−1pn+1)/F , in particular, if
there is only one prime p | p in F . Then p1+t1(n+1)+t2n | #K2OF implies that
p | h(F)h(K(ζpn)).
Proof. Let Γ = Gal(L/F) = 〈γ 〉. Consider the following exact sequence
0→
(
µpn+1 ⊗ Cl
(
OL
[1
p
])/
pn+1
)
Γ
→ K2OF/pn+1 →⊕p|p(µpn+1)Zp → (µpn+1)Γ → 0. (∗)
Note that γ (ζpn+1) = ζ gpn+1 , where g ∈ Z satisfying g2p ≡ 1 (mod pn+1), g ≡ −1 (mod pn). It is easy to see that
pn ‖ (g2 − 1). Hence (µpn+1)Γ is trivial.
We see that p ∈ S ′F if and only if Zp ⊆ 〈γ 2〉. But γ 2(ζpn+1) = ζ g
2
pn+1 , hence ζpn+1/γ
2(ζpn+1) = ζ p
n·t
pn+1 = ζ tp ,where (t, p) = 1.
So if Zp = 〈γ 2〉, then (µpn+1)Zp ∼= µpn . On the other hand, it is easy to see that if Zp is trivial then (µpn+1)Zp ∼= µpn+1 .
We have an exact sequence:
0→
(
µpn+1 ⊗ Cl
(
OL
[1
p
])/
pn+1
)
Γ
→ K2OF/pn+1 →⊕p∈T1(µpn+1)⊕p∈T2 (µpn)→ 0.
So pt1(n+1)+t2n | #K2OF .
If p1+t1(n+1)+t2n | #K2OF , then p | h(L).We claim that p - h(K(ζpn+1 + ζ−1pn+1)). In fact, it follows from the assumption
that there is at most one prime which ramifies in K(ζpn+1 + ζ−1pn+1)/K(ζpn + ζ−1pn ), hence if p | h(K(ζpn+1 + ζ−1pn+1)), then
by Lemma 2.8, p | h(K(ζpn + ζ−1pn )), which is a contradiction. By Theorem 1.1, we see that if p - h(K(ζpn)), then p |
h(K(
√
δ, ζpn+1+ζ−1pn+1)).Noting that F is a CM field, applying Lemma 2.8 again, we get p | h(F), since Gal(F(ζpn+1+ζ−1pn+1)/F)
is a p-group, and there is at most one prime which ramifies in F(ζpn+1 + ζ−1pn+1)/F . 
Let p ≡ 1 (mod 4) be an odd prime. Let Q(α) with α ∈ Q+(ζp) and [Q+(ζp) : Q(α)] = 2 be the unique intermediate
field of Q+(ζp). Then Q+(ζp) = Q(α)(√β) for some β ∈ Q(α). Set F2 = K(√βδ, α). Note that K(√βδ, α) = K(√pδ, α) if
p ≡ 5 (mod 8), but K(√βδ, α) 6= K(√pδ, α) if p ≡ 1 (mod 8).
Theorem 2.10. Let F = K(√δ). Assume that p - h(K(ζp)) and K(
√
δ) ∩ Q(ζp) = Q. Let p ≡ 1 (mod 4) be an odd prime.
Then K(
√
pδ) 6= K(√δ), K(√pδ) ∩ Q(ζp) = Q and
(i) p-rank(K2OK(√pδ)) = p-rank
(
ε p−3
2
AE3
[
1
p
])
+ |S ′K(√pδ)|.
(ii) p-rank(K2OK(√δ))+ p-rank(K2OK(√pδ)) ≤ p-rank
(
AE3
[
1
p
])
+ |S ′
K(
√
δ)
| + |S ′K(√pδ)|.
(iii) Assume that |S ′
K(
√
δ)
| = |S ′K(√pδ)| = 0. Then
(a) p-rank(K2OK(√δ))+ p-rank(K2OK(√pδ)) ≤ p-rank(AE3),
(b) if F is a CM field, then p-rank(εp−2AL) ≤ p-rank(ε2AL), and
p-rank(K2OK(√δ)) ≤ p-rank(AF2),
moreover if p ≡ 1 (mod 8), then
p-rank(K2OK(√δ))+ p-rank(K2OK(√pδ)) ≤ p-rank(AF2).
Proof. Suppose that
√
pδ ∈ K(√δ). Then√p = √pδ/√δ ∈ K(√δ). This contradicts our assumption that K(√δ)∩Q(ζp) =
Q. If a + b√pδ ∈ K(√pδ) ∩ Q(ζp)(a, b ∈ K), then a − b√pδ ∈ Q(ζp), so b√pδ ∈ Q(ζp). Since√p ∈ Q(ζp), we see that
b
√
δ ∈ Q(ζp), so b = 0 and a ∈ Q.
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(i) Let σ , σ ′ ∈ Gal(L/K) such that σ : ζp −→ ζ gp ;
√
δ −→ √δ and σ ′ : ζp −→ ζ gp ;√pδ −→ √pδ (g is a primitive root
(mod p)). Then 〈σ 〉 = Gal(L/K(√δ)) and 〈σ ′〉 = Gal(L/K(√pδ)). For 0 ≤ j ≤ p− 2,we denote by
εj = 1p− 1
p−2∑
k=0
ωjk(g)σ−k and ε′j =
1
p− 1
p−2∑
k=0
ωjk(g)σ ′−k
respectively. Observe that σ−1σ ′ : ζp −→ ζp;
√
δ −→ −√δ. Therefore, for any a ∈ AL, σ−1σ ′(a) · a ∈ AK(ζp), so σ(a)
= −σ ′(a) since we assume that p - h(K(ζp)). By using the fact ω(g)( p−32 ) = −ω(g)(p−2),we obtain ε′p−2AL = ε p−32 AL.
(ii) It is clear since both ε p−3
2
AL and εp−2AL are direct summands of AE3 .
(iii) Assertion (a) is immediate from (i).
(b) Write p = 4s+ 1. Observe that
ε2 = 1p− 1
s−1∑
k=0
ω2k(g)σ−k(1+ ω2s(g)σ−s + ω4s(g)σ−2s + ω6s(g)σ−3s).
We have
1+ ω2s(g)σ−s + ω4s(g)σ−2s + ω6s(g)σ−3s = 1− σ−s + σ−2s − σ−3s.
From (i), we have that σ(a) = −σ ′(a) holds for any a ∈ AL, so for any integer 0 6 n < p−34 , ε2(2n+1)AL ⊂ (1 − σ−s +
σ−2s − σ−3s)AL = (1+ σ ′−s + σ ′−2s + σ ′−3s)AL ⊂ AF2 .
In the case p ≡ 1 (mod 8), both ε2AL and ε p+3
2
AL can be regarded as direct summands of AF2 . 
Let F = Q(√d) be a quadratic number field and let E1 = Q(
√−3d). If d 6≡ 6 (mod 9), then
3-rank(K2OF ) = 3-rank(Cl(OE1)),
see Browkin [2].
Notation. For any number field F and any odd prime p, let T = {x ∈ F∗|(x) = Q p for some ideal Q of F , and for any prime
P|p and any pth root α of x (αp = x), F(α)/F is not totally ramified at P}. Put
υp(F) = p-rank(TF∗p/F∗p).
Let F = K(√δ). Let p be an odd prime. Assume that p - h(K(ζp)). Note that this implies that p - h(K(ζp + ζ−1p )). Finally,
assume that |S ′F | = 0, i.e., any p | p in F does not split completely in F(ζp).
Theorem 2.11. (i) If the above assumptions hold for p = 3, then
3-rank(K2OK(√δ)) = 3-rank(Cl(OK(√−3δ))).
(ii) If the above assumptions hold for p = 5, then
5-rank(K2OK(√δ)) = v5(K(
√
5δ)).
If moreover, the above assumptions remain valid for p = 5 with K(√δ) replaced by K(√5δ), then
5-rank(K2OK(√δ))+ 5-rank(K2OK(√5δ)) = 5-rank(AK(√−δ 5+√52 )).
(iii) If the above assumptions hold for p = 7, then
7-rank(K2OK(√δ)) = 7-rank(Cl(OK(√−7δ,ζ7+ζ−17 )))− 7-rank(Cl(OK(√−7δ)))− v7(K(
√
δ)).
Proof. Assertion (i) follows from Theorem 2.7. Note that AE3 [ 13 ] = AE3 where E3 = K(
√
δ(ζ3 − ζ−13 )) = K(
√−3δ) and
ε1AE3 = AE3 .
(ii) Let L = K(√δ, ζ5).We have
v5(K(
√
δ)) = 5-rank(ε0B) = 5-rank(ε1AL) = 5-rank(K2OK(√5δ)).
Similarly,
v5(K(
√
5δ)) = 5-rank(K2OK(√δ)).
If for K(
√
δ), K(
√
5δ), the assumptions hold for p = 5, then
5-rank(ε3AL) = 5-rank(K2OK(√δ)),
5-rank(ε1AL) = 5-rank(K2OK(√5δ)).
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But ε1AL ⊕ ε3AL = A
K(
√
−δ 5+
√
5
2 )
. So the result follows.
(iii) Let L = F(ζ7).We have
ε1AL ⊕ ε2AL ⊕ ε3AL = AK(√−7δ,ζ7+ζ−17 ),
7-rank(ε1AL) = 7-rank(ε0B) = v7(K(
√
δ)).
Note that [L : K(√−7δ)] is prime to 7. As in the proof of Theorem 2.10, we see that ε3AL = AK(√−7δ).
So,
7-rank(K2OK(√δ)) = 7-rank(ε5AL)
= 7-rank(Cl(OK(√−7δ, ζ7+ζ−17 )))− 7-rank(Cl(OK (
√−7δ)))− υ7(K(
√
δ)). 
We conclude this section by presenting a result on the pn-rank of K2OF .
Let F be a number field. For any odd prime p and a positive integer n, we assume that F ∩ Q(ζpn) = Q. Then
Gal(F(ζpn)/F) ∼= (Z/pnZ)∗. Letω be the Teichmuller character of the group (Z/p)∗, let g be a fixed primitive root (mod pn)
and let σ := σg(σg : ζpn −→ ζ gpn) be a generator of Gal(Q(ζpn)/Q) ∼= (Z/pnZ)∗. Write σ˜ = σ pn−1 .We have the following
orthogonal idempotents:
ε˜j = 1p− 1
p−2∑
k=0
ωjk(g)σ˜−k
where 0 ≤ j ≤ p− 2. 
Lemma 2.12. Let F be a number field. For any odd prime p and a positive integer n, assume thatΓ = Gal(F(ζpn)/F) ∼= (Z/pnZ)∗.
Then
pn-rank
(
µpn ⊗ AF(ζpn )
[
1
p
]
/pn
)
Γ
≤ pn-rank
(
ε˜p−2AF(ζpn )
[
1
p
])
.
Proof. We have the following direct decomposition:
AF(ζpn )
[
1
p
]
=
p−2⊕
j=0
ε˜jAF(ζpn )
[
1
p
]
.
For 0 ≤ j ≤ p − 2, ε˜jσ˜ = ωj(g)ε˜j. σ˜ (ζpn ⊗ ε˜ja) = σ˜ (ζpn) ⊗ σ˜ (ε˜ja) = ζ gp
n−1
pn ⊗ ωj(g)ε˜j =ζ g
pn−1 ·ωj(g)
pn ⊗ ε˜j. Since
gp
n−1 · ωj(g) ≡ g1+j (mod p) and g is also a primitive root (mod p), g1+j ≡ 1 (mod p) if and only if j = p − 2.
This completes the proof. 
Corollary 2.13. Let F = Q(√d) be a quadratic number field. Let p be an odd prime. If p 6= 3 or p = 3 and d 6≡ 6 (mod 9),
then
pn-rank(K2OF ) ≤ pn-rank(εp−2A),
where A is the p-Sylow subgroup of Cl(OF(ζpn )).
3. The p-Sylow subgroup of K2OF for a quadratic number field and its extension
In this section, we apply the results in previous sections to the case K = Q. In particular, we shall give some formulas
for p-rank(K2OF ) for a quadratic number field F . In our present situation, it is easy to see that in each case of the following
Lemma 3.1 and Theorems 3.2 and 3.3, the conditions we need are satisfied respectively.
Lemma 3.1. Let F = Q(√d) be a quadratic number field. Let p 6= 3 be an odd prime or p = 3, d 6≡ 6 (mod 9). Assume that
p - h(Q+(ζp)). Then
p-rank(K2OF ) = p-rank(εp−2AQ(ζp))+ p-rank(εp−2AQ(√d(ζp−ζ−1p ))),
so
p-rank(K2OF ) ≤ p-rank(AQ(ζp))+ p-rank(AQ(√d(ζp−ζ−1p ))).
Proof. We apply Lemma 2.5. Note that E3 = Q(
√
d(ζp − ζ−1p )), E4 = Q(ζp) and |S ′F | = 0 in our situation. 
Theorem 3.2. Let F = Q(√d) be a quadratic number field. Assume that p is regular, i.e., p - h(Q(ζp)). Let p ≡ 1 (mod 4) be
an odd prime. Then
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(i) p-rank(K2OQ(√pd)) = p-rank(ε p−3
2
AQ(√d(ζp−ζ−1p ))).
(ii) p-rank(K2OQ(√d))+ p-rank(K2OQ(√pd)) ≤ p-rank(AQ(√d(ζp−ζ−1p ))).
(iii) If d < 0, then
p-rank(K2OQ(√d)) ≤ p-rank(AF2);
if moreover p ≡ 1 (mod 8), then
p-rank(K2O(√d))+ p- rank(K2OQ(√pd)) ≤ p-rank(AF2).
Proof. Observe that |S ′
Q(
√
d)
| = |S ′Q(√pd) = 0 and apply Theorem 2.10 to K = Q. 
Theorem 3.3. Let p be an odd prime. Let n > 1 be an integer. And let F = Q(√d, ζpn + ζ−1pn ), where d 6= ±p,±2p square-free.
Assume that p - h(Q(ζp + ζ−1p )). For any integer m > 1, let Γ = Gal(F(ζpm)/F).
(i) If (a) p ≡ 1 (mod 4), or (b) p ≡ 3 (mod 4), p - d, or (c) p ≡ 3 (mod 4), p | d, ( d/pp ) = 1, then
K2OF/pm ∼= (µpm ⊗ Cl(OF(ζpm )))Γ ,
and if 1 6 m 6 n, then
K2OF/pm ∼= Cl(OE3)/pm ⊕ Cl(OQ(ζpn ))/pm,
and in particular,
pm-rank(K2OF ) = pm-rank(Cl(OE3 ))+ pm-rank(Cl(OQ(ζpn ))).
(ii) If p ≡ 3 (mod 4), p | d, ( d/pp ) = −1, then
p-rank(K2OF ) = p-rank
(
Cl
(
OE3
[
1
p
]))
+ p-rank(Cl(OQ(ζpn )))+ 1
and pn | #K2OF . Recall that E3 = Q(
√
d(ζpn − ζ−1pn )) = Q(
√−pd, ζpn + ζ−1pn ).
If moreover d < 0, then pn+1 | #K2OF implies that
p | h(F)h(Q(ζp)).
Proof. (i) Suppose that p ≡ 1 (mod 4). In this case F = Q(√d, ζpn + ζ−1pn ) = Q(
√
d/p, ζpn + ζ−1pn ), so we can assume
that p - d. If ( dp ) = 1, then there are two primes p | p in F , and if ( dp ) = −1, then there is only one prime p | p in F . In both
cases, p | p totally ramifies in F(ζpn)/F . For any p | p, Zp = Γ , hence (µpm)Zp is trivial and our assertion follows from the
exact sequence (∗). The proof for (b) or (c) is analogous.
(ii) Suppose that p ≡ 3 (mod 4), p | d and ( d/pp ) = −1. Then there is only one prime p | p in F and p splits into two
primes in F(ζpn). Consider the extension F(ζpn)/F .We see that Zp is a cyclic group of order p. So we can prove our assertions
as in the proof of Theorem 2.9. 
The following statements were first conjectured by H. Gangl.
Conjecture. Let d be a negative square-free integer and F = Q(√d). Then
(i) if d 6≡ 6 (mod 9), then 3|](K2OF ) implies 3|h(F),
(ii) if d ≡ 6 (mod 9), then 9|](K2OF ) implies 3|h(F).
Corollary 3.4. Gangl’s conjecture is true.
Proof. (i) Take p = 3 in (i) of Theorem 3.3.
(ii) Take p = 3, n = 1 in (ii) of Theorem 3.3. 
Remarks. Property (i) was proved by Browkin [2]. An alternative proof for (ii) by using the p-adic regulator and the wild
kernel has been obtained by Guo and Qin [7].
Theorem 3.5. Let d be a square-free integer and F = Q(√d). Then
(i) if p 6= 3 is a prime or p = 3, d 6≡ 6 (mod 9), then p|]K2OF implies
p|h(Q(√d(ζp − ζ−1p ))) · h(Q(ζp)),
and if moreover d < 0, then p|]K2OF implies
p|h(Q(√d, ζp + ζ−1p )) · h(Q(ζp));
H. Qin / Journal of Pure and Applied Algebra 214 (2010) 1181–1192 1191
(ii) if d ≡ 6 (mod 9), then 3|]K2OF and if moreover d < 0, then 9|]K2OF implies
3|h(F).
Proof. (i) It follows from Lemma 3.1 and Theorem 1.2.
(ii) By Lemma 2.5, we obtain 3|]K2OF since |S ′F | = 1. For the rest of the proof, see (ii) of Corollary 3.4. 
Theorem 3.6. Let F = Q(√d) and let
E = Q
√−d5+√5
2
 .
Then
5-rank(K2OF ) = v5(Q(
√
5d)) = 5-rank(Cl(OE))− v5(F),
and
5-rank(K2OF )+ 5-rank(K2OQ(√5d)) = 5-rank(Cl(OE)).
Proof. It is trivial that 5 - h(Q(ζ5). We have |S ′F | = 0 since any ℘ | 5 ramifies in the extension of Q(
√
d, ζ5) | Q(
√
d).
Applying Theorem 2.11 to K = Q, we obtain the result. 
Corollary 3.7. If 5 - h(Q(
√
d)), then
5-rank(K2OQ(√5d)) = 0
and
5-rank(K2OQ(√d)) = 5-rank(Cl(OE)).
Similarly, if 5 - h(Q(
√
5d)), then
5-rank(K2OQ(√d)) = 0
and
5-rank(K2OQ(√5d)) = 5-rank(Cl(OE)).
Taking K = Q(√d) and p = 5, one has F2 = Q(
√
5d). So by (iii) of Theorem 2.10, we have:
Corollary 3.8. If F is an imaginary quadratic number field, then 5-rank(K2OF ) ≤ 5-rank(Cl(OQ(√5d))).
Examples (p = 5). Let F = Q(√d) be a quadratic number field. We write F5 for Q(
√
5d) and simply write E = E3 =
Q(
√
−d× 5+
√
5
2 ).
(1) F = Q(√−427),we have hF = 6, hF5 = 20, Cl(OE) ∼= Z/10Z, 5-rank(K2OF ) = 5-rank(Cl(OE)) = 1.
(2) F = Q(√−347),we have hF = 5, hF5 = 26, Cl(OE) ∼= Z/5Z, 5-rank(K2OF ) = 0, 5-rank(K2OF5) = 1.
(3) F = Q(√−127),we have hF = 5, hF5 = 20, Cl(OE) is trivial, so 5-rank(K2OF ) = 5-rank(K2OF5) = 0.
(4) F = Q(√−166),we have hF = 10, hF5 = 20, Cl(OE) ∼= Z/10Z. Note that
(129+√−166) = p5,
where pp¯ = 7OF . Let α ∈ C be a root of x5 − (129+
√−166) = 0 and K = Q(α). Then
5OK = p1p2p43p44,
where p1, p2, p3, p4 are distinct prime ideals of OK . So υ5(F) = 1 and
5-rank(K2OF ) = 0, 5-rank(K2OF5) = 1.
Theorem 3.9. Let F = Q(√d) be a quadratic number field. Then
7-rank(K2OF ) = 7-rank(Cl(OQ)(√−7d,ζ7+ζ−17 ))− 7-rank(Cl(OQ(√−7d)))− υ7(F).
Proof. Replace 5 by 7 in the proof of Theorem 3.6. 
Examples (p = 7). Let F = Q(√d) be a quadratic number field. We write F7 for Q(
√−7d) and simply write E = E3 =
Q(
√−7d, ζ7 + ζ−17 ).
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(1) F = Q(√−479), hF = 25, hF7 = 1, Cl(OE) ∼= Z/7Z, and 7-rank(K2OF ) = 7-rank(Cl(OE)) = 1.
(2) F = Q(√−1523), hF = 7, hF7 = 1, Cl(OE) ∼= Z/21Z.We have
852 + 1523× 12 = 4× 37.
Let α be a root of x7 − 12 (85+
√−1523) = 0 and K = Q(α). Then 7OK = p7, so υ7(F) = 0, and
7-rank(K2OF ) = 7-rank(Cl(OE)) = 1.
(3) F = Q(√−1211), (1211 = 7× 173) : hF = 14, hF7 = 1, Cl(OE) ∼= Z/7Z,
42012 + 1211× 352 = 4× 97.
Let α be a root of x7 − 12 (4201 + 35
√−1211) = 0 and K = Q(α). Then 7OK = p21p62, where p1, p2 are prime ideals of
OK . So v7(F) = 0 and 7-rank(K2OF ) = 1− 1 = 0.
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